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Radiance and P o l a r i z a t i o n  o f  M u l t i p l e  S c a t t e r e d  

L igh t  from Haze and Clouds 

GEORGE W .  KATTAWAR and GILBERT N .  PLASS 

Abstract 

The r a d i a n c e  and p o l a r i z a t i o n  of m u l t i p l e  s c a t t e r e d  l i g h t  i s  

The c a l c u l a t e d  from t h e  S t o k e ' s  v e c t o r s  by a Monte C a r l o  method. 

e x a c t  s c a t t e r i n g  m a t r i x  f o r  a t y p i c a l  haze and for a c loud  whose s p h e r i c a l  

d rops  have an  ave rage  r a d i u s  of 121.1 is c a l c u l a t e d  from t h e  Mie t h e o r y .  

The S t o k e ' s  v e c t o r  is  t ransformed i n  a c o l l i s i o n  by t h i s  s c a t t e r i n g  

m a t r i x  and t h e  r o t a t i o n  ma t r ix .  

d i r e c t i o n  a f te r  s c a t t e r i n g  a r e  chosen by a random process  which c o r r e c t l y  

s i m u l a t e s  t h e  a c t u a l  d i s t r i b u t i o n  f u n c t i o n s  f o r  bo th  a n g l e s .  

Monte C a r l o  r e s u l t s  f o r  Rayleigh s c a t t e r i n g  compare f a v o r a b l y  wi th  w e l l  

known t a b u l a t e d  r e s u l t s .  

r a d i a n c e s  and p o l a r i z a t i o n s  f o r  bo th  t h e  haze and c loud  models and f o r  

s e v e r a l  s o l a r  a n g l e s ,  o p t i c a l  t h i c k n e s s e s ,  and s u r f a c e  a l b e d o s .  The 

dependence on t h e s e  v a r i o u s  pa rame te r s  i s  d i s c u s s e d .  

The two a n g l e s  which d e f i n e  t h e  photon 

The 

Curves a r e  g iven  of t h e  r e f l e c t e d  and t r a n s m i t t e d  

The a u t h o r s  a r e  w i t h  the  Southwest Center  f o r  Advanced S t u d i e s ,  

P .  0. Box 30365, Dallas, Texas 75230. 
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I n t r o d u c t i o n  

The t r a n s m i s s i o n  and r e f l e c t i o n  o f  l i g h t  by a n  atmosphere composed 

of any  a r b i t r a r y  mix tu re  o f  a e r o s o l s  and Rayle igh  s c a t t e r i n g  c e n t e r s  

can  be  t r e a t e d  by a Monte Carlo method1,2.  

c a l c u l a t e d  from t h e  Mie theoriy 

maximum is used i n  t h i s  method. 

s c a t t e r i n g s  as  long  a s  it  makes any a p p r e c i a b l e  c o n t r i b u t i o n  t o  t h e  

i n t e n s i t y .  

The e x a c t  s c a t t e r i n g  f u n c t i o n  

i n c l u d i n g  t h e  t y p i c a l  s t r o n g  forward  s c a t t e r i n g  

The photon i s  fo l lowed through m u l t i p l e  

Our work has  p r e v i o u s l y  used t h e  l i n e a r  t h e o r y ,  whereas a complete  

d e s c r i p t i o n  o f  t h e  s c a t t e r i n g  p r o c e s s  r e q u i r e s  t h e  u s e  of t h e  S t o k e ' s  

v e c t o r s 4 .  

Ray le igh ' s  phase  f u n c t i o n  by a l i n e a r  t h e o r y  d i f f e r s  i n  g e n e r a l  from 

t h e  c o r r e c t  i n t e n s i t y  obta ined  by t h e  u s e  o f  S t o k e ' s  v e c t o r s .  H e  

showed t h a t  d i f f e r e n c e s  of  the  o r d e r  of 1 0 %  occur  between v a l u e s  of t h e  

t o t a l  i n t e n s i t y  c a l c u l a t e d  by t h e s e  two methods f o r  some v a l u e s  o f  

t h e  pa rame te r s .  Although it might be  aril-icipated t h a t  t h e s e  d i f f e r e n c e s  

might be  l e s s  f o r  a Mie phase f u n c t i o n ,  no d a t a  h a s  been a v a i l a b l e  t h a t  

might be  used t o  check t h i s  p o i n t .  

C h a n d r a ~ e k h a r ~  has  shown t h a t  t h e  i n t e n s i l  y c a l c u l a t e d  from 

I n  t h i s  paper  our  Llonte Car lo  work  i s  extended t o  i n c l u d e  a n  e x a c t  

d e s c r i p t i o n  of t h e  s c a t t e r i n g  p r o c e s s  which u s e s  a s c a t t e r i n g  m a t r i x  

and t h e  S t o k e ' s  v e c t o r s .  The r e s u l t s  a re  checked f o r  t h e  case o f  

Rayle igh  s c a t t e r i n g  a g a i n s t  t he  t a b u l a t i o n s  of  Coulson, Dave and Sekera5 .  

The i n t e n s i t y  and p o l a r i z a t i o n  o f  t h e  r e f l e c t e d  and t r a n s m i t t e d  l i g h t  

i s  c a l c u l a t e d  f o r  a haze  and f o r  n imbos t r a tus  c louds .  Seve ra l  t h i c k n e s s e s  

and a n g l e s  o f  i n c i d e n c e  a r e  cons idered .  
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Method o f  C a l c u l a t i o n  

Our p r e v i o u s  Monte C a r l o  code '  which c a l c u l a t e s  r a d i a n c e s  due t o  

photons  which have undergone m u l t i p l e  s c a t t e r i n g  has  been extended t o  

i n c l u d e  t h e  f o u r  component S toke ' s  vec to r ) .  

f o r  t h e  S t o k e ' s  components, the set  I ,  Q ,  U, and V seems t o  be  t h e  

most advantageous  i n  Monte Carlo c a l c u l a t i o n s .  

and t h e  q u a n t i t y  V a r e  bo th  i n v a r i a n t  under  a r o t a t i o n  of t h e  r e f e r e n c e  

a x e s .  Thus t h e  f l u x  can be e s t ima ted  a t  each c o l l i s i o n  wi thou t  r o t a t i o n  

of t h e  axes .  

r e p r e s e n t a t i o n .  

O f  t h e  p o s s i b l e  c h o i c e s  

The t o t a l  i n t e n s i t y  I 

The r o t a t i o n  ma t r ix  i t s e l f  i s  a l s o  s i n i p l i e r  i n  t h i s  

The S t o k e ' s  v e c t o r  a f t e r  a s c a t t e r i n g  even t  (unprimed v a r i a b l e s )  

i s  o b t a i n e d  from t h e  S t o k e ' s  v e c t o r  b e f o r e  t h e  s c a t t e r i n g  (pr imed 

v a r i a b l e s )  from t h e  t r a n s f o r m a t i o n  (1) 

The f o u r  q u a n t i t i e s  i n  t h e  s c a t t e r i n g  m a t r i x ,  M 1 ,  M 2 ,  S2, , and D21 a r e  i d e n t i c a l  

w i t h  t h e  d e f i n i t i o n s  of Van de H u l s t 6  ( s e e  p .  4 4 ) .  

i n  t h e  r o t a t i o n  m a t r i x  a r e  used as d e f i n e d  by Chandrasekhar4 (see p .  39 

and F i g .  8 ) .  

The a n g l e s  i l  and i 2  

I n  t h e  Monte C a r l o  method t h e  s c a t t e r i n g  a n g l e  @ i s  s e l e c t e d  by a 

random p r o c e s s  from t h e  cumulat ive d i s t r i b u t i o n  of t h e  s c a t t e r i n g  f u n c t i o n  

r(M1+M2); s i m i l a 5 l y  t h e  a n g l e  i l  i s  chosen from a uniform d i s t r i b u t i o n  I 



- 4 -  

between 0 and 27~. 

t h e  c o r r e c t  d i s t r i b u t i o n s  f o r  0 anti i i .  The c a l c u l a t i o n  a l l o w s  f o r  t h e  

d i f f e r e n c e  between t h e  a c t u a l  d i s t r i b u t i o n  and t h e  approximate one by 

c o r r e c t i n g  t h e  components of t h e  S t o k e ' s  v e c t o r  a f t e r  c o l l i s i o n  by a 

method d e s c r i b e d  below. 

would y i e l d  t h e  c o r r e c t  r e s u l t  f o r  any i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  

for  0 and i l ,  b u t  t h e  s t a t i s t i c a l  f l u c t u a t i o n s  are less i f  t h e  i n i t i a l  

d i s t r i b u t i o n  f u n c t i o n s  are reasonably  c l o s e  t o  t h e  a c t u a l  ones .  Once 

t h e  a n g l e s  0 and i l  have been s e l e c t e d ,  t h e  a n g l e  i 2  is  computed from 

t h e  e q u a t i o n s  of  s p h e r i c a l  t r igonometry.  

is n o t  n e c e s s a r y  t o  sample 0 and il from a b i v a r i a t e  d i s t r i b u t i o n 7 ,  

b u t  i n s t e a d  a b i a s e d  d i s t r i b u t i o n  may be used.  

These d i s t r i b u t i o n s  are a f i rs t  approximation t o  

I t  should be emphasized t h a t  t h e  procedure  

I t  should  be noted  t h a t  it 

Any Monte C a r l o  c a l c u l a t i o n  may be reduced t o  t h e  e v a l u a t i o n  of  

a mul t id imens iona l  . i n t e g r a l ,  i . e .  t h e  computat ion of  t h e  e x p e c t a t i o n  

v a l u e  E of some f u n c t i o n  f ( q l , n 2 ,  ..., q ) of  t h e  random v a r i a b l e s  

q1,q2,...,q 

If a t  each s t a g e  of c o n s t r u c t i o n  of t h e  p a t h  we p l a y  f o r  t h e  v a r i a b l e  

E 

o b t a i n  a d i f f e r e n t  p a t h  and the averaged f u n c t i o n  f f : ( & l , & 2 ,  ..., E ) becomes 

m 

w i t h  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  p l ( a  ) , p 2 ( a ) , . . . , p m ( a ) .  m 

wi th  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p $ : ( a )  i n s t e a d  of qk, t h e n  w e  
k k 

m 

The same e x p e c t a t i o n  v a l u e  i s  o b t a i n e d  i n  e i t h e r  case s i n c e  
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Although f f c  and f have t h e  same e x p e c t a t i o n  v a l u e s ,  t h e i r  v a r i a n c e s  

are  d i f f e r e n t  i n  g e n e r a l .  

I n  o r d e r  t o  unders tand  the  a p p l i c a t i o n  of t h e  above method t o  our  

problem, c o n s i d e r  t h e  i n t e n s i t y  I a f t e r  a s c a t t e r i n g  e v e n t ,  but  b e f o r e  

t h e  f i n a l  r o t a t i o n  through the  a n g l e  i 2 .  From Eq. (1) it i s  found t h a t  

w i t h  similar r e l a t i o n s  for Q ,  U, and V .  The random v a r i a b l e  0 i s  

sampled from t h e  d i s t r i b u t i o n  k(MltM2) and i l  i s  chosen uniformly 

between 0 and 2 n .  The S t o k e ' s  v e c t o r  I i s  t h e n  d i v i d e d  by t h i s  d i s t r i b u t i o n  

f u n c t i o n .  The e x p e c t a t i o n  va lue  of t h e  r , e s u l t i n g  v e c t o r  is t h e  same 

* 

as  though it had been sampled from t h e  c o r r e c t  d i s t r i b u t i o n  i n  b o t h  0 

and i l .  The a n g l e  0 i s  sampled from t h e  f u n c t i o n  i(MltM2) i n  o r d e r  

t o  improve t h e  s t a t i s t i c s  of t h e  c a l c u l a t i o n ,  p a r t i c u l a r l y  when t h e r e  i s  

s t r o n g  forward s c a t t e r i n g .  

T h i s  method w a s  t e s t e d  by comparing t h e  v a l u e s  t a b u l a t e d  by 

Coulson, Dave, and Sekera5 f o r  Rayleigh s c a t t e r i n g  w i t h  t h e  r e s u l t s  

of  t h e  Monte C a r l o  method. The i n t e n s i t i e s  are  shown i n  F i g s .  1 and 2 

f o r  an  o p t i c a l  t h i c k n e s s  T 0.02 and 1. Both t h e  t o t a l  i n t e n s i t y  I and 
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t h e  d i f f e r e n c e  of t h e  t w o  components of  t h e  i n t e n s i t y  Q = I - I are 

shown. The agreement i s  e x c e l l e n t  when c o n s i d e r a t i o n  i s  g iven  t o  t h e  

i n e v i t a b l e  s t a t i s t i c a l  f l u c t u a t i o n s  i n  t h e  Nonte C a r l o  r e s u l t s .  For 

T = 0.02 and 1, t h e  number of photon h i s t o r i e s  c a l c u l a t e d  w a s  10 ,000  

and 5 ,000  r e s p e c t i v e l y ;  t h e s e  r e p r e s e n t e d  c a l c u l a t i o n  t imes of 1 5  and 

50 min. r e s p e c t i v e l y  on t h e  IBM Model 360-50 e l e c t r o n i c  computer. A 

comparison of t h e  p o l a r i z a t i o n s  c a l c u l a t e d  f o r  Rayle igh  s c a t t e r i n g  

( u s i n g  t h e  d e f i n i t i o n  of  p o l a r i z a t i o n  g i v e n  by Coulson e t  a 1 5 )  is 

shown i n  F i g s .  3 and 4.  For both  T v a l u e s  t h e  agreement i s  e x c e l l e n t .  

The r e s u l t s  of Coulson e t  a15 i n  a l l  t h e s e  f i g u r e s  a re  averaged numer ica l ly  

b e f o r e  t h e y  were p l o t t e d  over t h e  same i.~ i n t e r v a l  as was used i n  t h e  

Monte C a r l o  calcu3 a t i o n .  

r R 

S c a t t e r i n g  Funct ion  

Two d i f f e r e n t  models of c l o u d s  and hazes  a r e  cons idered  i n  t h i s  

The firs-t i s  t h e  c o n t i n e n t a l  haze model ( h a z e  C )  proposed by p a p e r .  

Deirmendjian8. 

0 . 0 3 ~ ;  is l o 3  c m - 3  p - '  f o r  r a d i i  between 0 . 0 3 ~  and 0.1~; i s  0 . 1  r-4 c m - 3  g-' 

f o r  r a d i i  g r e a t e r  t h a n  0.1~. 

c l o u d s  w i t h  modera te ly  l a r g e  water d r o p s .  

n ( r )  is  assumed t o  be 

The p a r t i c l e  c o n c e n t r a t i o n  is z e r o  for r a d i i  l e s s  t h a n  

The second model ( n i m b o s t r a t u s )  r e p r e s e n - t s  

The p a r t i c l e  c o n c e n t r a t i o n  

n ( r )  = 0.00108 r6 exp ( -0 .5  r ) .  (5) 
+ 

The maximum p a r t i c l e  c o n c e n t r a t i o n  o c c u r s  when r = 1 2 ~ .  
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C' 

The s c a t t e r i n g  m a t r i x  was c a l c u l a t e d  for each of t h e s e  models from 

t h e  Mie t h e o r y  by a method p rev ious ly  d e s c r i b e d 3 .  

m a t r i x  were averaged over  the  p a r t i c l e  s i z e  d i s t r i b u t i o n  by a v e r y  a c c u r a t e  

i n t e g r a t i o n  r o u t i n e .  A wavelength of 0 . 7 ~  for t h e  i n c i d e n t  l i g h t  and a 

rea l  index or r e f r a c t i o n  o f  1.33 f o r  t h e  water  d r o p l e t s  was assumed f o r  

t h i s  c a l c u l a t i o n .  

i n  t h e  forward d i r e c t i o n  near  t h e  s t r o n g  forward s c a t t e r i n g  maximum and 

a t  2 O  i n t e r v a l s  i n  t h e  backward d i r e c t i o n  where t h e  e lements  undergo 

o s c i l l a t i o n s .  

model were c a l c u l a t e d  a t  2 O  i n t e r v a l s  and t h o s e  of t h e  Haze C model a t  

5 O  i n t e r v a l s .  

The e lements  of t h e  

The s c a t t e r i n g  m a t r i x  was c a l c u l a t e d  a t  0.25O i n t e r v a l s  

A t  t h e  remaining a n g l e s  t h e  e lements  for t h e  n imbos t r a tus  

The m a t r i x  e lements  c a l c u l a t e d  i n  t h i s  manner were used i n  t h e  Monte 

c a r l o  c a l c u l a t i o n  as descr ibed  i n  t h e  p rev ious  s e c t i o n .  

t h e  e lements  of t h e  s c a t t e r i n g  m a t r i x  a r e  shown i n  F i g s .  6 and 7 .  The 

e lements  f o r  t h e  n imbos t ra tus  model do no t  vary  as smoothly as t h o s e  

f o r  t h e  rrore moderate r a d i i  o f  t h e  haze C model. Because of t h e  many 

r a p i d  f l u c t u a t i o n s  of t h e  elements S21 and D21 f o r  t h e  n imbos t r a tus  

model, it w a s  n o t  p o s s i b l e  t o  p l o t  them when t h e i r  v a l u e s  were l e s s  t h a n  

The r e s u l t s  f o r  

7 i u - 1 :  

All c a l c u l a t i o n s  r epor t ed  h e r e  assume a s i n g l e  s c a t t e r i n g  a lbedo  

of u n i t y  and r e f l e c t i o n  from a Lambert ' s  s u r f a c e  as r e p r e s e n t a t i v e  w 

of t h e  p l a n e t a r y  s u r f a c e .  

( i n s t e a d  of t h e  va lue  IT sometimes chosen) .  

0 

The i n c i d e n t  f l u x  i s  normalized t o  u n i t y  
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R e f l e c t e d  Radiance 

The r e f l e c t e d  r a d i a n c e  was c a l c u l a t e d  from t h e  s c a t t e r i n g  m a t r i x  

f o r  t w o  o p t i c a l  t h i c k n e s s e s  (T = 0 . 1  and 11, two a n g l e s  o f  i n c i d e n c e  

( c o s i n e  of  i n c i d e n t  a n g l e  u 

( h a z e  C and n i m b o s t r a t u s ) .  The r e s u l t s  f o r  a s u r f a c e  a lbedo  A = 0 and 

0 .8  and f o r  1-1 = -1 are shown i n  F i g .  7 .  For comparison purposes  t h e  

r e f l e c t e d  r a d i a n c e  c a l c u l a t e d  from t h e  l i n e a r  t h e o r y  u s i n g  a scalar 

s c a t t e r i n g  f u n c t i o n  a r e  a l s o  shown. 

d i f f e r e n c e  between t h e  r e s u l t s  c a l c u l a t e d  from t h e  l i n e a r  and from t h e  

S t o k e ' s  v e c t o r  methods. Where t h e r e  are  d i f f e r e n c e s ,  t h e  v a l u e s  f o r  

= -1 and -0 .11 ,  and f o r  t h e  two models 
0 

0 

I n  most cases t h e r e  i s  v e r y  l i t t l e  

one case seem t o  be a s  o f t e n  above as below t h o s e  fori t h e  o t h e r  case. 

Thus many of t h e s e  d i f f e r e n c e s  are undoubtedly due t o  s t a t i s t i c a l  f l u c t u -  

a t i o n s  i n  t h e  Monte C a r l o  r e s u l t s .  When T 0 .1 ,  10 ,000  photon h i s t o r i e s  

were processed  and when T 1, 7 ,000  and 5 ,000  photon h i s t o r i e s  were 

processed  f o r  1-1 = -1 and - 0 . 1  r e s p e c t i v e l y .  
0 

These r e s u l t s  must be i n t e r p r e t e d  i n  terms of t h e  e lements  of  t h e  

s c a t t e r i n g  m a t r i x .  

a t  f i rs t  s i g h t  t o  be s t a t i s t i c a l  f l u c t u a t i o n s  are r ea l  and r e s u l t  from 

Many of t h e  w i g g l e s  i n  t h e  r a d i a n c e  c u r v e s  t h a t  appear  

77 ena,,,p,ltl, A L -  :-- 2 ---a: - - - -  v a r i a t i c n s  i n  Ine s c a r I e r i r i g  i i i d i L a i x .  r VL' L I I C  LIICIL caacu L auia i1L.r;  

v a l u e s  between u = 0.7  and 0 . 8  f o r  t h e  n i m b o s t r a t u s  model are t h e  y e s u l t  

o f  t h e  s h a r p  maximum i n  t h e  Mi v a l u e s  a t  t h e  corresponding a n g l e s  and are 

n o t  a f l u c t u a t i o n .  

The r e f l e c t e d  r a d i a n c e  when = - 0 . 1  is shown i n  F i g s .  8 - 1 0  as 

The solar h o r i z o n  i s  

0 

a f u n c t i o n  of t h e  c o s i n e  of t h e  n a d i r  a n g l e  (u). 

always on t h e  l e f t  hand s i d e  o f  t h e s e  f i g u r e s  and t h e  a n t i s o l a r  hor izon  



. 
- 9 -  

on t h e  r i g h t  hand s i d e .  The v a l u e s  shown i n  F i g .  8 have been averaged 

over  t h e  azimuth a n g l e  @ measured from t h e  i n c i d e n t  p l a n e  from Oo t o  

30° on both  siaes of t h i s  plane.  The v a l u e s  shown i n  F ig .  9 have been 

averaged over 4 from 30° t o  6G0 on b o t h  s iaes  of t h e  i n c i d e n t  p l a n e .  

S i m i l a r l y  F ig .  1 0  g i v e s  t h e  v a l u e s  averaged o v e r  @ from 60° t o  90°. 

The v a r i a t i o n  of t h e  r a d i a n c e  w i t h  u i s  u s u a l l y  much more pronounced 

for photons whose 4 v a l u e  i s  i n  t h e  f irst  of  t h e s e  t h r e e  r a n g e s  compared 

t o  t h o s e  i n  t h e  l z s t  of t h e s e  r a n g e s .  

There i s  a pronounced increase i n  t h e  r a d i a n c e  n e a r  t h e  s o l a r  h o r i z o n s  

when 4 i s  n e a r  Oo and r e l a t i v e l y  l i t t l e  i n c r e a s e  when 4 i s  n e a r e r  90°. 

The i n c r e a s e  i n  t h e  f i rs t  case i s  caused by t h e  numer.ous s m a l l  a n g l e  

s c a t t e r i n g  e v e n t s  s p e c i f i e d  by our  s c a t t e r i n g  m a t r i x ,  whereas i n  t h e  second 

case t h e  s c a t t e r i n g  a n g l e s  m u s t  be n e a r e r  9Go and t h u s  a much smaller 

number of photons are  s c a t t e r e d  i n t o  t h e s e  a n g l e s .  

f i g u r e s  t h e  scale on t h e  l e f t  should  be used f o r  t h e  haze C model and 

t h e  scale on t h e  r i g h t  f o r  t h e  n i m b o s t r a t u s  model. 

n i m b o s t r a t u s  model are almost always below t h e  cor responding  c u r v e s  f o r  

t h e  haze C model when I$ > 3G0 s i n c e  t h e  cor responding  s c a t t e r i n g  a n g l e s  

are  f a i r l y  l a r g e  and t h e  p r o b a b i l i t y  of s c a t t e r i n g  i n t o  t h e s e  l a r g e r  

a n g l e s  i s  c o n s i d e r a b l y  less fori t h e  n i m b o s t r a t u s  model t h a n  f o r  t h e  

haze C model. 

Note t h a t  i n  t h e s e  

The c u r v e s  f o r  t h e  

Transmi t ted  Radiance 

The t r a n s m i t t e d  rad iance  f o r  p = -1 i s  shown i n  F ig .  11. Here once 
0 

a g a i n  w e  have compared t h e  r e s u l t s  of t h e  c a l c u l a t i o n  from t h e  l i n e a r  

t h e o r y  wi th  a scalar s c a t t e r i n g  f u n c t i o n  and t h e  c a l c u l a t i o n  w i t h  t h e  
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S t o k e ' s  v e c t o r s .  Once more t h e  d i f f e r e n c e s  between t h e  two r e s u l t s  

seem q u i t e  small. When t h e y  do a p p e a r ,  t h e y  do n o t  show any c o n s i s t e n t  

t r e n d  and are  probably  mostly due t o  s t a t i s t i c a l  f l u c t u a t i o n s .  

d i f f e r e n c e s  are much smal le r  between t h e  two niethods of c a l c u l a t i o n  when 

a Mie s c a t t e r i n g  m a t r i x  w i t h  s t r o n g  forward  s c a t t e r i n g  is used t h a n  

when t h e  Rayle igh  m a t r i x  is assumed. This  i s  because i n  t h e  Rayleigh 

case t h e  d i f f e r e n c e  between t h e  two p o l a r i z e d  components of t h e  i n t e n s i t y  

r e a c h e s  a maximum a t  a s c a t t e r i n g  a n g l e  of  90° s i n c e  one component of  

t h e  i n t e n s i t y  approaches zero a t  90°. I n  t h e  p r e s e n t  models t h e r e  i s  

no such  l a r g e  d i f f e r e n c e  between t h e  two components a t  any s c a t t e r i n g  

a n g l e  and on t h e  average  they are much c l o s e r  t o  each o t h e r .  

e s t a b l i s h e d  t h a t  t h e  t o t a l  i n t e n s i t y  can be o b t a i n e d  w i t h  r e a s o n a b l e  

a c c u r a c y  f o r  a Mie p a r t i c l e  from t h e  l i n e a r  t h e o r y  provided  t h a t  t h e  

d i f f e r e n c e s  between t h e  two components i s  n o t  t o o  l a r g e  on t h e  average .  

O f  c o u r s e ,  t h e  complete  theory  w i t h  t h e  S t o k e ' s  v e c t o r s  should  be used 

i f  p o l a r i z a t i o n  informat ion  i s  d e s i r e d  or i f  t h e r e  are  a n  a p p r e c i a b l e  

number of  Rayleigh s c a t t e r i n g  c e n t e r s  i n  t h e  atmospherte. 

The 

Thus it seems 

The t r a n s m i t t e d  r a d i a n c e  when 1-1, - 0 . 1  i s  g iven  i n  F i g s .  1 2  - 14 .  

I n  t h e s e  f i g u r e s  use  t h e  s c a l e  on t h e  l e f t  for t h e  haze C model and tne 

scale on t h e  r i g h t  f o r  t h e  n i m b o s t r a t u s  model. 

i s  n e a r  t h e  i n c i d e n t  p l a n e ,  t h e  maximum r a d i a n c e  v a l u e  o c c u r s  on t h e  s o l a r  

h o r i z o n  when T = 0 . 1 .  This  i s  caused by t h e  numerous small a n g l e  

s c a t t e r i r g  e v e n t s .  

The maximum is much less  prominent a t  o t h e r  0 a n g l e s .  A t  a n g l e s  away from 

t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam, t h e  r a d i a n c e  i s  less  i n  most cases for 

t h e  n i m b o s t r a t u s  model than  f o r  t h e  haze C model. 

When t h e  t r a n s m i t t e d  photon 

When T = 1, t h e  maximum o c c u r s  above t h e  s o l a r  h o r i z o n .  

This  i s  because t h e  



. 
- 11 - 

p r o b a b i l i t y  for s c a t t e r i n g  through a g i v e n  a n g l e  i s  g r e a t e r  for t h e  

haze C model t h a n  fori t h e  n imbos t ra tus  model for a l l  s c a t t e r i n g  a n g l e s  

except  t h o s e  n e a r  Oo and those n e a r  t h e  s h a r p  peak i n  M I  n e a r  cos  0 1 -0 .8 .  

P o l a r i z a t i o n  of  R e f l e c t e d  Light 

The p o l a r i z a t i o n  of t h e  r e f l e c t e d  l i g h t  i s  c a l c u l a t e d  as p a r t  of 

our Monte C a r l o  code. There are s e v e r a l  d e f i n i t i o n s  of  p o l a r i z a t i o n .  

I n  t h i s  s e c t i o n  w e  u s e  t h e  Rubenson d e f i n i t i o n  o f  t h e  degree  of p o l a r i z a t i o n  

P as 

P = Q/I ( I  r - IL) / ( I r  t Ipd). ( 6 )  

The components U and V a r e  small compared t o  I and Q i n  a lmost  a l l  cases 

c a l c u l a t e d  h e r e ,  so t h a t  t h i s  p o l a r i z a t i o n  g i v e s  r e s u l t s  v e r y  c l o s e  

t o  t h o s e  o b t a i n e d  from t h e  d e f i n i t i o n  i n v o l v i n g  U and V .  I n  a d d i t i o n  

t h e  s i g n  of t h e  Rubenson degree of p o l a r i z a t i o n  d e f i n e s  t h e  o r i e n t a t i o n  

of  t h e  p l a n e  of p o l a r i z a t i o n  of  t h e  s c a t t e r e d  l i g h t .  When it is p o s i t i v e ,  

t h e  p l a n e  o f  p o l a r i z a t i o n  of t h e  s c a t t e r e d  l i g h t  is  p e r p e n d i c u l a r  t o  t h e  

s c a t t e r i n g  p l a n e .  

The p o l a r i z a t i o n  when pn = -1 is  shown i n  F i g .  1 5 .  Values are  - 
g i v e n  for a number of s u r f a c e  a lbedos  A .  

comparison purposes  t h e  p o l a r i z a t i o n  c a l c u l a t e d  from s i n g l e  s c a t t e r i n g  

only .  

method for A = 0 f o l l o w s  the  average  v a l u e  of  t h e  s i n g l e  s c a t t e r i n g  curve  

c l o s e l y  except  n e a r  t h e  horizon where m u l t i p l e  s c a t t e r i n g  r e d u c e s  t h e  

The c u r v e s  for T = 0 . 1  show f o r  

I t  i s  s e e n  t h a t  t h e  p o l a r i z a t i o n  c a l c u l a t e d  from t h e  Monte C a r l o  
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p o l a r i z a t i o n  v a l u e s .  P a r t i c u l a r l y  for t h e  n i m b o s t r a t u s  model, t h e  Monte 

C a r l o  r e s u l t s  by themselves  would appear  r a t h e r  s t r a n g e  and as though t h e y  

had l a r g e  f l u c t u a t i o n s .  However, t h e  s i n g l e  s c a t t e r i n g  curve  shows t h a t  

t h e y  f a i t h f u l l y  reproduce  t h e  many s h a r p  peaks and v a l l e y s  i n  t h i s  c u r v e .  

When T = 0 . 1  t h e  p o l a r i z a t i o n  is l a r g e  o n l y  when t h e  s u r f a c e  a l b e d o  

i s  n e a r  z e r o .  

c l o s e  t o  t h e  hor izon .  T h i s  of c o u r s e  i s  due t o  t h e  s t r o n g  u n p o l a r i z e d  

f l u x  of r a d i a t i o n  which i s  r e f l e c t e d  from t h e  s u r f a c e  and can e a s i l y  

p e n e t r a t e  a c loud  wi th  t h e  r e l a t i v e l y  small T v a l u e  of  0 .1 ,  When T = 1, 

it i s  i n t e r e s t i n g  t o  s e e  how t h e  p o l a r i z a t i o n  v a l u e s  for A = 0 are reduced 

from t h o s e  for T = 0 . 1  by m u l t i p l e  s c a t t e r i n g .  However, when some 

r a d i a t i o n  i s  r e f l e c t e d  from t h e  s u r f a c e ,  t h e  p o l a r i z a t i o n  i s  l a r g e r  i n  

e v e r y  case f o r  T = 1 t h a n  f o r  T = 0 . 1 .  This  i s  because t h e  r a d i a t i o n  

When A = 0 . 2  t h e  p o l a r i z a t i o n  is n e a r l y  z e r o  except  v e r y  

which i s  u n p o l a r i z e d  a f t e r  r e f l e c t i o n  from a Lambert 's  s u r f a c e  undergoes 

on t h e  average  one or more c o l l i s i o n s  b e f o r e  l e a v i n g  t h e  upper  s u r f a c e  

of t h e  c loud  when T = 1 and becomes p a r t i a l l y  p o l a r i z e d  by t h e s e  c o l l i s i o n s .  

The n i m b o s t r a t u s  p o l a r i z a t i o n  s t i l l  h a s  a s t r o n g  maximum for p between 

0 .7  and 0 . 8  cor responding  t o  t h e  l a r g e  d i f f e r e n c e  between t h e  e lements  

M1 and M2 ot t h e  s c a t t e r i n g  ma-crix. For, d g i v e 1 1  ~ ~ w ~ ~ - Z ~ i ' ~  sui-fzc? albedo 

A t h e  p o l a r i z a t i o n  f o r  t h e  n i m b o s t r a t u s  model i s  i n  g e n e r a l  l e s s  t h a n  

t h a t  f o r  t h e  haze C model. 

r e a c h e s  t h e  lower s u r f a c e  for a g iven  T v a l u e  for t h e  n i m b o s t r a t u s  model 

wi th  i t s  s t r o n g  forward s c a t t e r i n g  t h a n  f o r  t h e  haze C model. 

This  i s  because a g r e a t e r  r a d i a t i o n  f l u x  
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The p o l a r i z a t i o n  c u r v e s  for P = - 0 . 1  are  g i v e n  i n  F i g s .  1 6  - 1 9 .  
0 

The photons n e a r  t h e  p l a n e  of i n c i d e n c e  have a n  a p p r e c i a b l e  p o l a r i z a t i o n  

o n l y  when A = 0 and t h e y  are  n e a r  t h e  n a d i r .  When T 0 . 1  and $ i s  n e a r  

90° t h e  p o l a r i z a t i o n  i s  negat ive  and i t s  v a l u e  i s  between -0.24 and -0 .43  

for a l l  p v a l u e s  when A = 0 .  

when A i n c r e a s e s  from z e r o .  

g e n e r a l  smaller t h a n  t h o s e  f o r  T = 0 . 1  when A = 0.  On t h e  o t h e r  hand 

t h e y  are  i n  g e n e r a l  l a r g e r  for T = 1 t h a n  f o r  T = 0 . 1  f o r  non-zero v a l u e s  

of A as  t h e  u n p o l a r i z e d  r e f l e c t e d  r a d i a t i o n  i s  p o l a r i z e d  by c o l l i s i o n s  

on i t s  way back up through t h e  t h i c k e r  atmosphere.  

A = 0 and 60' $ < 90°, t h e r e  were r e l a t i v e l y  few photons s c a t t e r e d  

i n t o  t h i s  r a n g e  and so t h e  s t a t i s t i c a l  f l u c t u a t i o n s  i n  t h e  r e s u l t  a re  

g r e a t e r  t h a n  for t h e  o t h e r  curves .  

The p o l a r i z a t i o n  d e c r e a s e s  r a p i d l y  t o  z e r o  

When T = 1 t h e  p o l a r i z a t i o n  v a l u e s  are i n  

I n  some cases such as 

- 

The n e u t r a l  p o i n t s  have been i n d i c a t e d  by arrows on t h e  f i g u r e s .  

The n e u t r a l  p o i n t s  for t h e  haze C model are a t  approximately p =  0.3 and 

0 .4  when r = 0 . 1  and are  a t  p = 0 .6  and 0 . 4  when T = 1 on t h e  s i d e  o f  

t h e  solar and a n t i s o l a r  horizons r e s p e c t i v e l y .  

c a t e d  s c a t t e r i n g  m a t r i x ,  t h e  n imbos t ra tus  model has  f o u r  n e u t r a l  p o i n t s  

which a re  a t  = 0 . 2  on t h e  s i d e  n e a r  t h e  s o l a r  h o r i z o n ,  a t  p = 1, and 

a t  u = 0 . 5  and 0 . 1  on t h e  s i d e  n e a r  t h e  a n t i s o l a r  hor izon .  

Because of i t s  more compli- 

P o l a r i z a t i o n  of Transmi t ted  Light 

The p o l a r i z a t i o n  of t h e  t r a n s m i t t e d  l i g h t  f o r  P = -1 is  shown i n  
0 

Fig .  20 .  

from t h e  s c a t t e r i n g  m a t r i x  f o r  s i n g l e  s c a t t e r i n g  o n l y .  The Monte Car lo  

We have a g a i n  shown f o r  comparison t h e  p o l a r i z a t i o n  c a l c u l a t e d  
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r e s u l t s  f o r  T = 0 . 1  a g a i n  agree w e l l  w i t h  t h e  s i n g l e  s c a t t e r i n g  r e s u l t s  

when t h e s e  a re  averaged o v e r  t h e  same p i n t e r v a l s ,  e x c e p t  n e a r  t h e  hor izon  

where t h e y  a re  lower because  of m u l t i p l e  s c a t t e r i n g .  The p o l a r i z a t i o n s  

are  b o t h  p o s i t i v e  and n e g a t i v e  f o r  t h e  n i m b o s t r a t u s  model, b u t  o n l y  p o s i t i v e  

for t h e  haze C model. 

d e c r e a s e s ,  b u t  much less r a p i d l y  t h a n  t h e  p o l a r i z a t i o n  o f  t h e  r e f l e c t e d  l i g h t .  

T h i s  i s  because t h e  l i g h t  r e f l e c t e d  from t h e  lower s u r f a c e  must be s c a t t e r e d  

a t  least once i n t o  a downward d i r e c t i o n  i n  o r d e r  t o  c o n t r i b u t e  t o  t h e  t r a n s -  

m i t t e d  l i g h t ;  it i s  p a r t i a l l y  p o l a r i z e d  by such a s c a t t e r i n g  e v e n t .  

Even when A = 1 t h e  p o l a r i z a t i o n  i s  of t h e  o r d e r  of 0 . 1  o v e r  much of t h e  

r a n g e  i n  p for t h e  haze C model and T = 0 .1 .  

z e r o  i n  a l l  cases n e a r  t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam. Except n e a r  

t h e  h o r i z o n ,  t h e  p o l a r i z a t i o n  of t h e  t r a n s m i t t e d  beam t e n d s  t o  d e c r e a s e  

for a l l  v a l u e s  of A as t h e  o p t i c a l  t h i c k n e s s  i n c r e a s e s .  

A s  A i n c r e a s e s  t h e  p o l a r i z a t i o n  of t h e  t r a n s m i t t e d  l i g h t  

The p o l a r i z a t i o n  i s  v i r t u a l l y  

The p o l a r i z a t i o n  f o r  p - 0 . 1  i s  shown i n  F i g s .  2 1  - 2 4 .  When I$ 
0 

is n e a r  00 t h e  p o l a r i z a t i o n  is p o s i t i v e  and has  a maximum n e a r  t h e  z e n i t h .  

For l a r g e r  v a l u e s  of C$ t h e  p o l a r i z a t i o n  i s  e i t h e r  n e g a t i v e  or has  a small 

p o s i t i v e  v a l u e .  The magnitude of t h e  p o l a r i z a t i o n  t e n d s  t o  d e c r e a s e  

i n  a i i  cases as t h e  o p t i c a l  t h i c k n e s s  i n c r e a s e s ,  except  p o s s i b l y  n e a r  t h e  

h o r i z o n .  = -1 and po = - 0 . 1  shows t h a t  

t h e  maximum p o l a r i z a t i o n  v a l u e s  t e n d  t o  occur  i n  a r e g i o n  approximately 

90° from t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam. However, i n t e r e s t i n g  

d i f f e r e n c e s  show up between t h e  models. 

p o l a r i z a t i o n  o c c u r s  f o r  I$ near Oo i n  t h e  u i n t e r v a l  from 1 t o  0 . 9  i n  t h e  

d i r e c t i o n  of t h e  a n t i s o l a r  horizon.  On t h e  o t h e r  hand for t h e  n imbos t ra tus  

A comparison of t h e  c u r v e s  for u 
0 

For t h e  haze C model t h e  maximum 



- 15 - 

model t h e  p o l a r i z a t i o n  i s  l a r g e  f o r  il between 1 and 0 . 5  and r e a c h e s  a 

maximum i n  t h e  !J i n t e r v a l  from 0.6  t o  0 . 5  i n  t h e  d i r e c t i o n  of t h e  a n t i -  

s o l a r  ho r i zon .  

t h e  Mi and M2 components of  t h e  s c a t t e r i n g  m a t r i x  for t h e  n imbos t r a tus  

model and f o r  s c a t t e r i n g  angles  somewhat g r e a t e r  t h a n  90°. 

This  i s  caused by t h e  r e l a t i v e l y  l a r g e  d i f f e r e n c e  between 

The n e u t r a l  p o i n t s  have been i n d i c a t e d  by a r rows  on t h e  p o l a r i z a t i o n  

cu rves .  

s i n c e  it has  a r e g i o n  where the p o l a r i z a t i o n  i s  s l i g h t l y  nega t ive  from 

1.1 0 . 4  t o  1 i n  t h e  d i r e c t i o n  of t h e  s o l a r  ho r i zon .  

The n imbos t r a tus  model has  an e x t r a  n e u t r a l  p o i n t  nea r  t h e  z e n i t h  
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Legends for F i g u r e s  

F i g .  1. R e f l e c t e d  r a d i a n c e  a s  a f u n c t i o n  of t h e  c o s i n e  o f  t h e  z e n i t h  

a n g l e  (u) f o r  Rayleigh s c a t t e r i n g .  The S t o k e ' s  v e c t o r s  I and 

Q a re  shown f o r  both T = 0.02  and 1. The r e s u l t s  o f  t h e  Monte 

C a r l o  c a l c u l a t i o n  a r e  compared w i t h  t h o s e  o f  Coulson, Dave, 

and Sekera5  averaged ove r  t h e  same u i n t e r v a l s .  

c u r v e s  t h e  c o s i n e  of t h e  i n c i d e n t  a n g l e  (u ) is  -1 and t h e  

s u r f a c e  a lbedo  A 0 .  

Transmi t ted  r ad iance  as a f u n c t i o n  of u f o r  Rayle igh  s c a t t e r i n g .  

See c a p t i o n  f o r  F i g .  1. 

For  a l l  t h e s e  

0 

Fig .  2 .  

F i g .  3 .  P o l a r i z a t i o n  of the  r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  o f  

f o r  Rayle igh  s c a t t e r i n g .  See c a p t i o n  for F i g .  1. 

P o l a r i z a t i o n  of the  t r a n s m i t t e d  r a d i a t i o n  as  a f u n c t i o n  o f  

f o r  Rayle igh  s c a t t e r i n g .  See c a p t i o n  f o r  F i g .  1. 

F i g .  4 .  

F ig .  5 .  Four e lements  (M1, ET2, S21 , D21) of  t h e  s c a t t e r i n g  m a t r i x  

as a f u n c t i o n  o f  t h e  s c a t t e r i n g  a n g l e  0 f o r  t h e  haze C model. 

F ig .  6 .  Four e lements  (MI, M2, S21, D21) of t h e  s c a t t e r i n g  m a t r i x  

as a f u n c t i c n  o f  the s c a t t e r i n g  a n g l e  0 f o r  t h e  n imbos t r a tus  

!?de1 - 

Ref lec t ed  r a d i a n c e  as  a f u n c t i o n  o f  t h e  c o s i n e  of t h e  z e n i t h  

a n g l e  ( v )  f o r  A = 0 and A = 0 .8  and = -1. Curves are  shown 

for T = 0 . 1  and 1 and f o r  t h e  haze  C and n imbos t r a tus  models.  

The r e s u l t s  obtained from t h e  l i n e a r  t h e o r y  and from S t o k e ' s  

v e c t o r s  are compared. 

F i g .  7 .  

0 
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F i g .  8.  

F ig .  9 .  

F i g .  10, 

Fig .  11. 

F i g .  1 2 .  

F i g .  13.  

F ig .  1 4 .  

F i g .  1 5 .  

F ig .  1 6 .  

Re f l ec t ed  r a d i a n c e  as a f u n c t i o n  of 1-1 for 1-1 = - 0 . 1  and A = 0 

and 0 .8 .  The r e s u l t s  have been averaged  ove r  t h e  az imuth  

a n g l e  4 measured from t h e  i n c i d e n t  p l a n e  f o r  O0 t o  30° on bo th  

s i d e s  of t h i s  p lane .  On a l l  cu rves  t h e  solar ho r i zon  is  on t h e  

l e f t  hand s i d e  of t h e  f i g u r e  and t h e  a n t i s o l a r  ho r i zon  on t h e  

r i g h t  hand s i d e .  

R e f l e c t e d  r a d i a n c e  as  a f u n c t i o n  of 1-1. 

t h a t  t h e  r e s u l t s  have been averaged  ove r  from 30° t o  60° 

on bo th  s i d e s  of t h e  j n c i d e n t  p l ane .  

Re f l ec t ed  r a d i a n c e  as  a f u n c t i o n  of u. Same as F i g .  8 except  

t h a t  t h e  r e s u l t s  have been averaged  ove r  $I from 60° t o  90° 

on bo th  s i d e s  o f  t he  i n c i d e n t  p l a n e .  

T ransmi t t ed  r a d i a n c e  as a f u n c t i o n  o f  u. See c a p t i o n  for  F i g .  7 .  

Transmi t ted  r ad iance  as a f u n c t i o n  o f  p .  See c a p t i o n  f o r  F ig .  8 .  

Transmi t ted  r a d i a n c e  as  a f u n c t i o n  of p .  See c a p t i o n  for Fig .  9 .  

Transmi t ted  r a d i a n c e  as a f u n c t i o n  o f  p .  

P o l a r i z a t i o n  of  r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  o f  p .  Curves 

are  shown f o r  T = 0 . 1  and 1, = 1, haze C and n imbos t r a tus  

models,  and A = 0, 0.2, 0 . 4 ,  0 . 6 ,  0 .8 ,  and 1. The cont inuous  

s o l i d  cu rve  i s  t h e  p o l a r i z a t i o n  c a l c u l a t e d  from t h e  s c a t t e r i n g  

m a t r i x  f o r  s i n g l e  s c a t t e r i n g  e v e n t s  o n l y .  

P o l a r i z a t i o n  of  r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of  p .  Curves 

are shown f o r  t h e  haze C model,  = 0 .1 ,  T = 0 . 1 ,  and A = 0 ,  

0 . 2 ,  0 . 4 ,  and 1. The r e s u l t s  have been averaged  ove r  4 from 

Oo t o  30° on bo th  s i d e s  of t h e  i n c i d e n t  p l a n e  f o r  t h e  t o p  set 

of curves ;  from 30° t o  60° f o r  t h e  middle  s e t  of cu rves ;  and from 

60° t o  900 for t h e  bottom se t  of cu rves .  

0 

Same as F i g .  8 except  

See c a p t i o n  f o r  F ig .  10. 
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F i g .  1 7 .  

F i g .  18.  

F i g .  1 9 .  

F i g .  20. 

F ig .  2 1 .  

F ig .  22 .  

F i g .  23. 

F i g .  24.  

P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of P .  Same 

as F ig .  1 6  excep t  T = 1. 

P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of p. 

as F i g .  1 6  excep t  f o r  n imbos t r a tus  model. 

P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  a s  a f u n c t i o n  of u .  

as F i g .  1 7  excep t  for n imbos t r a tus  model. 

P o l a r i z a t i o n  of t r a n s m i t t e d  r a d i a t i o n  as a f u n c t i o n  o f  u .  

Curves a r e  shown f o r  t h e  haze C and n imbos t r a tus  models, T = 0 . 1  

and 1, 

con t inuous  s o l i d  curve i s  t h e  p o l a r i z a t i o n  c a l c u l a t e d  from t h e  

s c a t t e r i n g  mat r ix  f o r  s i n g l e  s c a t t e r i n g  o n l y .  

P o l a r i z a t i o n  of t r a n s m i t t e d  r a d i a t i o n  as  a f u n c t i o n  of p. 

Same 

Same 

= 1, and A 0 ,  0.2, 0 . 4 ,  0 . 6 ,  0 . 8 ,  and 1. The 
l.’O 

Curves a r e  shown f o r  t h e  haze C model, = 0 . 1 ,  T = 0 . 1 ,  

and A = 0 ,  0 . 2 ,  0 . 4 ,  and 1. The r e s u l t s  have been averaged  

ove r  4 from 0’ t o  30° on both  s i d e s  of t h e  i n c i d e n t  p l a n e  f o r  t h e  

t o p  s e t  of c u r v e s ;  from 30° t o  60° for t h e  middle  set of c u r v e s ;  

and from 60° t o  90° for t h e  bottom s e t  of c u r v e s .  

P o l a r i z a t i o n  of t r a n s m i t t e d  r a d i a t i o n  as a f u n c t i o n  of p. 

Same as  F ig .  2 1  except T = 1. 

P o l a r i z a t i o n  of t r a n s m i t t e d  r a d i a t i o n  as a f u n c t i o n  of p .  

Same as  F ig .  2 1  except f o r  n imbos t r a tus  model. 

P o l a r i z a t i o n  of t r a n s m i t t e d  r a d i a t i o n  as a f u n c t i o n  of p. 

Same as F i g .  22 except for. n imbos t r a tus  model. 
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The r a d i a n c e  and p o l a r i z a t i o n  of m u l t i p l e  s c a t t e r e d  l i g h t  i s  c a l c u l a t e d  from 

t h e  S t o k e ' s  v e c t o r s  by a Monte Carlo method. The e x a c t  s c a t t e r i n g  m a t r i x  f o r  a 

t y p i c a l  haze and f o r  a c loud  whose s p h e r i c a l  d rops  have a n  average  r a d i u s  of 12u i s  

c a l c u l a t e d  from t h e  Mie t h e o r y .  The S t o k e ' s  v e c t o r  i s  t ransformed i n  a c o l l i s i o n  by 

t h i s  s c a t t e r i n g  m a t r i x  and t h e  r o t a t i o n  m a t r i x .  The two a n g l e s  which d e f i n e  t h e  

photon d i r e c t i o n  a f t e r  s c a t t e r i n g  a r e  chosen by a random p r o c e s s  which c o r r e c t l y  

s i m u l a t e s  t h e  a c t u a l  d i s t r i b u t i o n  f u n c t i o n s  for both a n g l e s .  The Monte C a r l o  r e s u l t s  

f o r  Rayle igh  s c a t t e r i n g  compare favorably  w i t h  w e l l  known t a b u l a t e d  r e s u l t s .  Curves 

are g i v e n  of t h e  r e f l e c t e d  and t r a n s m i t t e d  r a d i a n c e s  and p o l a r i z a t i o n s  f o r  both t h e  

haze  and c loud  models and for s e v e r a l  solar a n g l e s ,  o p t i c a l  t h i c k n e s s e s ,  and s u r f a c e  

a l b e d o s .  The dependence on t h e s e  v a r i o u s  parameters  i s  d i s c u s s e d .  
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